The equivalence relation isologism partitions the class of all groups into families, and it is a well-known fact that the Baer invariant is a powerful tool for this classification. In this article, we provide an explicit formula for the Baer invariant of a free nth nilpotent group (the nth nilpotent product of infinite cyclic groups, Z n * Z n * . . . 
Motivation and a Historical Review
There exists a long history of interaction between Schur multipliers and other mathematical concepts. This basic notion started by I. Schur [17] in 1904, when he introduced multipliers in order to study projective representations of groups. Since then, the notion of the Schur multiplier has been known as a powerful tool in other areas, such as algebraic number theory, block theory of group algebras, and classification of finite simple groups and some other compass.
The first to create the generalization of the Schur multiplier to any variety of groups was R. Baer [1] . It is well known fact that the recent concept is useful in classifying groups into isologism classes.
Many other problems may be arisen in order to knowing more structural information about the Schur multiplier, and its generalization, the Baer invariant. One of the more interesting and important concepts here, is the behavior of these multiplier and invariant with respect to different products of groups. For example the formula which proved by I. Schur [18] in 1907 and J. Wiegold [20] in 1971, shows how one may calculate the Schur multiplier of direct product of groups.
M(A × B) ∼ = M(A) ⊕ M(B) ⊕
Many other works have been done in this area and a historical quick view is given as follows.
A somehow similar formula to the above one, was introduced by M. R. R. Moghaddam [13] in 1979 and G. Ellis [2] in 1998, for the Bear invariant N c M(A × B), in which N c is the variety of nilpotent groups of class at most c (which sometimes called nilpotent multiplier or for more emphasize c-nilpotent multiplier). Also in 1997 B. Mashayekhy [9] in a joint paper presented an explicit formula for the c-nilpotent multiplier of a finite abelian group.
The study of the Schur multiplier of the semidirect product of two groups and its generalization have been done by K. I. Tahara [19] in 1972, W. Haebich [6] in 1977 and B. Mashayekhy [8, 12] in 1997 and 2004.
On the other hand, in 1972 W. Haebich [5] presented a formula for the Schur multiplier of a regular product of a family of groups. Since the regular product is a generalization of the nilpotent product and this one is a generalization of the direct product, so Haebich's result is an interesting generalization of the Schur-Wiegold result. A similar result to Haebich's formula for the Schur multiplier of a nilpotent product is given by M. R. R. Moghaddam [14] in 1979. Besides these, in 1992, N. D. Gupta in his joint paper [3] tried to present an explicit formula for the c-nilpotent multiplier of the nth nilpotent product
The structure of the c-nilpotent multipliers of a nilpotent product for a family of cyclic groups and also a free product of some cyclic groups was studied by B. Mashayekhy [10, 11] in 2001 and 2002, respectively. Finally B. Mashayekhy and M. Parvizi [16] in their recent paper (2006) have concentrated on the Baer invariant with respect to the variety of polynilpotent groups, for the first time.
Now in this paper we intend to generalize the latest result to the polynilpotent variety of class row (c 1 , c 2 ).
Preliminaries
In the following we present some definitions and theorems which are needed in the main procedure. 
where V (F ) is the verbal subgroup of F with respect to V and
Now it is clear that, if V is the variety of abelian groups, A , then the Baer invariant of G will be the Schur multiplier 
where γ c+1 (F ) is the (c + 1)-st term of the lower central series of F and
A more general case is when to consider V being the variety of polynilpotent groups of class row (c 1 , . . . , c t ), N c 1 ,...,ct . Then the Baer invariant of a group G with respect to this variety, is called a polynilpotent multiplier, and defined as follows:
) are the terms of iterated lower central series of F . For the equality
one may refer to [ 7, Corollary 6.14] . 
The following theorems are vital in our main results.
Theorem 2.3 (P.Hall [4]). Let
is the free abelian group freely generated by the basic commutators of weights
Theorem 2.4 (Witt Formula [4]). The number of basic commutators of weight n on d generators is given by the following formula:
where μ(m) is the Mobious function, and defined to be
The Main Results
As it is mentioned in Section 1, we intend to investigate the structure of
where
Z is the infinite cyclic group and is repeated m-times. It is known that G is the free n-th nilpotent group of rank m, and so has the following free presentation
where F is a free group on a set X = {x 1 , x 2 , . . . , x m }. Now clearly the Baer invariant of G with respect to the variety of polynilpotent groups of class row (c 1 , c 2 ), is defined as follows
.
In order to prove different lemmas and theorems, we have to put some conditions on c 1 and c 2 . Combining these conditions yield the assumption (c 2 + 1)n − (c 2 + 1) < c 1 and c 2 < 5. With these conditions, it is concluded that
For the rest of the article, we need to define some suitable sets and some technical lemmas and theorems.
Define Y to be the set of all basic commutators of weights c 1 + 1, ..., c 1 + n on X and define < on Y as follows; for each y and y in Y we say y < y on Y , if y < y on X. It is clear that (Y, < ) is a totally ordered set. Now using Definition 2.2, put Y i (i ≤ 5) to be the set of all basic commutators of weight i on Y and keep all these assumptions and notations throughout the rest of the paper.
Lemma 3.1 Let y
Proof. For i = 2, see [16] 2 ] is a basic commutator on X, and w(a 3 2 and a 4 < a 2 , then we have w([a 1 , a 2 ]) < w([a 3 , a 4 
Proof. We use induction on c 2 . For c 2 = 1, see [16] . Let α be a generator
Induction hypothesis and P. Hall's Theorem imply that a = a 1 α 1 ...a r αr μ and 
Using Lemma 3.1, let M i be the set of all those basic commutators of the form y i or y
We are going to show thatM
} freely generates the group N c 1 ,c 2 M(G) when (c 2 + 1)n − (c 2 + 1) < c 1 and c 2 < 5. In the following we intend to verify two basic and important facts; First, by the above assumptions, there exists a set of basic commutators on X, Z c 2 +1 , say; with
The following lemmas shorten the way to attain to these statements. 
Lemma 3.3 Let
in which c k 's are the basic commutators of weights n, n + 1, . . . , 2n − 1 on X and every x j (j ∈ J a ) appears in each c k .
Proof. By Theorem 2.3, it is enough to show that every c k contains all x j 's (j ∈ J a ), and this will be concluded by the following fact. Let for some i 0 ∈ J a , c j contains
one can order a as the product of t c αt t u c αu u such that t indicates the indices for which x i 0 / ∈ c t and u indicates the indices for which x i 0 ∈ c u . Now consider the homomorphism θ j : F → F with
Clearly the image of every commutator contains x j is trivial under θ j . Therefore θ i 0 (a) = 1 and so
Hence a ≡ u c αu u modulo γ 2n (F ). In other words, the commutators in a which do not contain x i 0 , are omitted in the decomposition of a. Now the result follows using the contradictory assumption. 
Proof. Using the Definition 2.2 and Hall-Witt identity, we will show that E c 2 +1 contains basic commutators t ij , say, on X. Let [z, h] be an element of the set A c 2 +1 . If it is basic, then it is shown by t 11 . 6 ] in which h < z 4 < z 3 and h < z 6 
, in which F 2 is the one defined above. Therefore there exist basic commutators t 4i on X so that [z 1 , z 2 , h] can be written as
, and so the result follows in this case. 1 ] is generated by t 22 . Hence to prove the claim, it is enough to show that [z 1 , h, z 2 ] is generated by basic commutators on X. 6 ], in which h < z 6 < z 5 and so
. Now the result holds from case II. Finally assuming E c 2 +1 to be the set of all t ij 's, the proof is completed.
The following Lemma is proved in [16] .
Lemma 3.5 Assume
We are now ready to prove the claims which are stated before Lemma 3.3. 
Proof. This is also done by induction on c 2 . For c 2 = 1, let
Using the induction hypothesis a can be written z
and so 
Using the notations and definitions applied in Theorem 3.6 and after Theorem 3.2, we have; So if a = [a 1 , a 2 ] , and there exists an s, such that a 1 = y s , for some y s ∈ Y s , then assuming l = c 2 − s, it is deduced that y l < a 2 , for each y l ∈ Y l . Now by the description used for Z c 2 +1 in Theorem 3.6 and Definition 2.2, one may easily follows the result. Now it is time to state and prove the main proposition of the paper. .
Therefore α i = 0 and the result holds.
It is easy to see that Proposition 3.8 generalizes the main result of [16] to the variety of polynilpotent groups of class row (c 1 , c 2 ) for c 2 < 5.
